





















TR/08/82    July 1982 
PARTIAL DIFFERENTIAL EQUATIONS                                                   
IN MEDICAL BIOPHYSICS 
E.H. Twizell 
T o  a p p e a r  i n  A p p l i e d  M a t h e m a t i c s  N o t e s  o f  t h e  
C a n a d i a n  M a t h e m a t i c a l  S o c i e t y .   A  s h o r t e n e d  





PARTIAL DIFFERENTIAL EQUATIONS IN MEDICAL BIOPHYSICS 
 
E .  H .    T w i z e l l  
 
Department of Mathematic 
Brunel University 
Uxbridge   Middlesex 
 England      UB8 3PH 
 
0 .  ABSTRACT 
 
A number of  examples   of  collaborative  research  are  outl ined which  
show how mathematicians   and medical   biophysicists  have   contributed   
to  a wider  understanding  of  some   problems   in  applied physiology. 
 
1. INTRODUCTION 
A few decades ago the techniques developed by mathematicians were 
used only by physicists and engineers. Nowadays, however, researchers 
in a considerable number of other, widely varying disciplines use 
mathematics to help solve their problems. 
 
More non-mathematicians have begun to use mathematics via mathematical 
modeling which has received an upsurge in interest. Many universities 
have introduced courses in mathematical modeling at both undergraduate 
and graduate levels which have attracted mathematicians and non-
mathematicians alike. Simultaneously, students have received training 
in the programming of digital computers and have thus had the powerful 
combination of mathematical modelling with computer simulation at  
their disposal. 
 
The  student has  been helped by  the   growth  in the  number of  texts   on 
mathematical   and  computer modelling,   most  of which  present  the   reader 
with   case   studies   after  an  introduction  to   the  philosophy  of mathe-
matical  modelling.    One   such   text,    by Burghes   and Borrie   [2],  is of 
(2) 
 
p a r t i c u l a r  i n t e r e s t  t o  t e a c h e r s  a n d  s t u d e n t s  b o t h  a t  h i g h  s c h o o l  a n d  
u n d e r g r a d u a t e  l e v e l ,  a n d  g i v e s  a  v e r y  w i d e  r a n g e  o f  i n t e r e s t i n g  
a p p l i c a t i o n s  o f  ma t h e ma t i c s .  T h e  n u mb e r  o f  j o u r n a l s  p l a c i n g  e mp h a s i s  
on  the  use  of  mathemat ica l  model l ing  and  computer  s imula t ion  has  a l so  
i n c r e a s e d .   T h e s e  j o u r n a l s  a r e  d i r e c t e d  a t  a l l  a c a d e m i c  d i s c i p l i n e s  
a n d  l e v e l s .    I n t e r d i s c i p l i n a r y  r e s e a r c h  c o n f e r e n c e s ,  a t  w h i c h  
m a t h e m a t i c i a n s  a n d  w o r k e r s  i n  o t h e r  d i s c i p l i n e s  a r e  a b l e  t o  e x c h a n g e  
v i e w s ,  a r e  a t t r a c t i n g  t h e  f i n a n c i a l  s u p p o r t  o f  r e s e a r c h  c o u n c i l s  a n d  
o t h e r  b o d i e s .  
 
O n e  e x a m p l e ,  o f  l a t e ,  i n  t h i s  f e r t i l i z a t i o n  o f  i d e a s ,  i s  t h e  b o o m                
in  co l labora t ion  be tween  researchers  in  mathemat ics  and  computer  sc ience  
on  the  one  hand ,  wi th  researchers  in  b io logy  and  medic ine  on  the  o ther .  
T h e  f r u i t s  o f  t h e s e  p a r t n e r s h i p s ,  i n  s u c h  w i d e  f i e l d s  a s  a p p l i e d  
phys io logy  and  b ioeng ineer ing ,  a re  enormous ly  benef ic ia l  to  mankind .  
 
Mathemat ica l  mode l ing  o f  any  aspec t  o f  the  human  body  i s  a  t r i cky  
process .  Many.  advanced models  express  the physiological  behaviour          
o f  t h e  b o d y  i n  t h e  f o r m  o f  a  s y s t e m  o f  d i f f e r e n t i a l  e q u a t i o n s ,  o r d i n a r y  
o r  p a r t i a l ,  w i t h  i n i t i a l  c o n d i t i o n s  a n d  b o u n d a r y  c o n d i t i o n s  s p e c i f i e d .  
O f t e n ,  i t  i s  t h e  b o u n d a r y  c o n d i t i o n s ,  w h i c h  d e p e n d  o n  t h e  n o n - u n i f o r m 
g e o m e t r y  o f  t h e  b o d y ,  w h i c h  g i v e  r i s e  t o  d i f f i c u l t i e s  i n  s o l v i n g  t h e  
d i f f e r e n t i a l  e q u a t i o n s .    I n d e e d ,  i t  i s  f r e q u e n t l y  t o o  d i f f i c u l t ,  o r  
i m p o s s i b l e ,  t o  f i n d  t h e  t h e o r e t i c a l  s o l u t i o n  o f  t h e  s y s t e m  a n d  t h e  
ma t h e ma t i c i a n  r e s o r t s  t o  f i n d i n g  a  n u me r i c a l  s o l u t i o n  t o  t h e  p r o b l e m,  
u s i n g  a  d i g i t a l  c o mp u t e r  t o  c a l c u l a t e  t h e  r e s u l t s .  
I n  t h e  fo l l o w i n g  s e c t i o n s  o f  t h i s  p a p e r  c a s e  s t u d i e s  a r e  o u t l i n e d ,   
r e l a t i n g  t o  t h e  t h r e e  t y p e s  o f  s e c o n d  o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n ,  
o f  t h r e e  p h y s i o l o g i c a l  p r o b l e ms  mo d e l l e d  r e c e n t l y  i n  t h e  l i t e r a t u r e .        
I t  w i l l  b e  e a s y  fo r  t h e  r e a d e r  t o  s e e  h o w  t h e  c o mpl i c a t e d  g e o me t r y  o f   
t h e  b o d y  mus t  b e  a p p r o x i ma t e d  t o  f a c i l i t a t e  t h e  d e t e r mi n a t i o n  o f  e v e n  a  
n u me r i c a l  s o l u t i o n .  
 
2.   ELLIPTIC EQUATIONS 
 
One  human organ  which  has  an  i r regular ,  curved  boundary  i s  the  oto l i th  
(3)  
 
m e m b r a n e .   U n d e r  t h e  m i c r o s c o p e ,  t h e  o t o l i t h  m e m b r a n e  i s  s e e n  t o  b e  
r o u g h l y  t h e  s h a p e  o f  a  k i d n e y  b e a n  w i t h  j a g g e d  e d g e s .  T h e  m e m b r a n e  
i s  a  t h i n  l a y e r  o f  g e l a t i n e ;  i t  i s  o n e  c o m p o n e n t  o f  t h e  n o n - a u d i t o r y  
p a r t  o f  t h e  i n n e r  e a r ,  a n d  i s  a s s o c i a t e d  w i t h  t h e  s t a b i l i t y  a n d  e q u i -
l i b r i u m  o f  t h e  b o d y  a n d  s t a b i l i z i n g  t h e  e y e s  d u r i n g  m o v e m e n t s  o f  t h e  
h e a d .    C r y s t a l s  o f  c a l c i t e  ( c a l l e d  t h e  o t o c o n i a  . a n d  s e n s i t i v e  h a i r s  
( c a l l e d  t h e  s t e r e o c i l i a )  a d h e r e  t o  t h e  o t o l i t h .    T h e  d e n s i t y  o f  t h e  
c r y s t a l s  i s  m u c h  g r e a t e r  t h a n  t h e  d e n s i t y  o f  t h e  o t o l i t h  a n d  i n  t h e  
n o r m a l  u p r i g h t  p o s i t i o n  o f  t h e  h e a d  t h e  s e n s i t i v e  h a i r s  p r o t r u d e  
v e r t i c a l l y  u p w a r d s .  
D i s t u r b a n c e  o f  t h e  h e a d  f r o m  t h e  n o r m a l  u p r i g h t  p o s i t i o n  i n i t i a t e s  
m o v e m e n t  o f  t h e  o t o c o n i a  d o w n  t h e  s l o p e  o f  t h e  m e m b r a n e .  T h i s  
m o v e m e n t  d i s t o r t s  t h e  e l a s t i c  m e m b r a n e ,  c a u s e s  s h e a r i n g  f o r c e s  i n  
t h e  c i l i a ,  a n d  c a u s e  e l e c t r i c a l  s i g n a l s  t o  b e  s e n t  t o  t h e  b r a i n .         
T h e  f r e q u e n c y  a n d  a m p l i t u d e  o f  t h e s e  s i g n a l s  a r e  r e l a t e d  t o  t h e  m a g n i -
t u d e  a n d  d i r e c t i o n  o f  t h e  d i s p l a c e m e n t s  o f  t h e  p o i n t s  o f  t h e  m e m b r a n e .  
T h e  b r a i n ' s  i n t e r p r e t a t i o n  o f  t h e s e  s i g n a l s  i n i t i a t e s  r e s p o n d i n g  
m o v e m e n t s  o f  t h e  h e a d  f o r  s t a b i l i z i n g  t h e  e y e s  a n d  r e s t o r i n g  b a l a n c e .  
T h u s ,  t h e  m a g n i t u d e s  a n d  d i r e c t i o n s  o f  d i s p l a c e m e n t s  o f  p o i n t s  o f  t h e  
membrane  for  var ious  head  movements  a re  of  impor tance  in  any  s tudy  of  
the  o to l i th  organs .  
N u m e r i c a l  m o d e l l i n g  o f  t h e  o t o l i t h  m e m b r a n e  m a k e s  t h i s  p o s s i b l e ;  
s u c h  mo d e l s  h a v e  b e e n  d e v e l o p e d  b y  H u d e t z  [ 4 ] ,  T w i z e l l  a n d  C u r r a n  
[ 1 6 , 1 8 ]  a n d  i n  t h e  u n p u b l i s h e d  d i s s e r t a t i o n  o f  F i n l a y s o n  [ 3 ] .   T h e s e  
mo d e l s  a s s u me  a  me mbr a n e  w i t h  P o i s s o n  r a t i o  v  = 0 . 5 ,  Y o u n g ' s  mo d u l u s  
E  =  2 0 0 0 0 0  d y n e s  c m - 2  a n d  d e n s i t y  ρ  =  0 . 9 0 3  g m c m - 3 .  
In  deve lop ing  a  mathemat ica l  mode l  o f  a  human  organ  such  as  the  o to l i th  
m e m b r a n e ,  i t  i s  e s s e n t i a l  t h a t  a  r e a s o n a b l y  c l o s e  a p p r o x i m a t i o n  t o  t h e  
i r regular  boundary  be  made .    The  maximum length  of  a  typ ica l  membrane  
i s  abou t  0 .256  cm and  the  maximum bread th  i s  abou t  0 .192  cm;  the  
approx imate  shape  o f  the  boundary  R∂  i s  shown in  F igure  1 .  
                    
Figure  1 
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and the portion ADB by the polynomial (Finlayson [3]) 
  .y2535.54y1701.2y5.0084.0x 32 ++−−=
The  enc losed  reg ion  R  o f  the  membrane  i s  a s sumed  to  l i e  in  the  p lane   
z = 0  w h e n  t h e  h e a d  i s  i n  i t s  n o r m a l  u p r i g h t  p o s i t i o n ,  w i t h  t h e  z - a x i s  
pass ing  th rough  the  po in t  0 .  
 
I t  w a s  n o t e d  i n  [ 4 ]  t h a t  t h e  c o mp o n e n t s  o f  t h e  g r a v i t a t i o n a l  f o r c e  o n    
the  po in t s  o f  the  membrane  in  the  x  and  y  d i rec t ions  resu l t ing  f rom a  
r o t a t i o n  o f  t h e  h e a d  t h r o u g h  a n  a n g l e  a  a b o u t  t h e  x - a x i s ,  f o l l o w e d  b y      
a  ro ta t ion  th rough  an  ang le  β  abou t  the  y -ax i s ,  fo l lowed  by  a  ro ta t ion  
through an angle γ  about the z-axis,  are given by 
)},sinβsin αcos γcosα(sinψ cosγ)cosβsin α cosγsinα(sinψsin ρg{F






respectively, where ψ is the azimuth angle and g is the acceleration due                  




T h e  s t e a d y - s t a t e  d i s p l a c e me n t s  u , v  i n  t h e  p o s i t i v e  x , y  d i r e c t i o n s  o f  
p o i n t s  o f  t h e  me mbr a n e  a r e  g o v e r n e d  b y  t h e  s y s t e m o f  e l l i p t i c  p a r t i a l  








































∂      (2) 
in  R,  together with the Dirichlet  boundary conditions 
          (3)  0yxvyxu == ),(),(
for all (x, y) .   .R∂∈
Numerical solutions of equations (1),  (2) with boundary conditions (3) 
were obtained using finite element methods in [18], and using finite 
difference methods in [3],  [4],  [16] for a number of different rotations 
of the head. 
Changing the value of g in the expressions for F( X ) ,  F ( y )  changes the 
n u me r i c a l  s o l u t i o n  o f  ( 1 ) ,  ( 2 )  w i t h  ( 3 ) .    I n  t h i s  w a y  g r a v i t a t i o n a l  
cond i t ions  in  loca t ions  o ther  than  on  the  su r face  o f  the  Ear th  may  be  
s imulated and the resul tant  displacements  of  points  of  the membrane 
computed in each location for any movement of the head (Twizell  [16]).  
 
 
3.   HYPERBOLIC EQUATIONS 
 
Replac ing  the  r igh t  hand  s ides  of  (1) ,  (2)  wi th   2222 tv/,tu/ ∂∂∂∂
respectively converts the system into the hyperbolic type.   Specifying 
init ial  values for u,  v,  tvtu ∂∂∂∂ /,/  thus enables the displacements of 
points of the membrane to be calculated at any time t > 0 following the 
instantaneous rotations (α ,  β ,  γ) from the normal upright position of the 
head (at t ime t = 0).   As t→ ,  the computed solutions U, V of the ∞
hyperbolic system converge to the steady state solution of the elliptic 




Approximating the space derivatives of the hyperbolic system with 
finite difference replacements leads to a system of second order 
ordinary differential equations of the form 









==+=       (4) 
 
where the constant matrix A depends on the space discretization of                    
the membrane and on the finite difference replacements of the space 
derivatives, and the vector b depends on the applied forces   and             )x(F
F(y);  the elements of the vector w  are the computed values U,V of                         
the displacements of the discrete points of R  at  t ime t > 0, and f                        
is the vector of initial speeds down the slope of the membrane.  The                     
order of the matrix A, the vectors b, w, f,  and consequently the                




I t  was shown in [3] that the solution )t(w  of the initial value problem         







     (5) 
 
where l  is a convenient time step and B is a matrix such that B2 = A.              
Replacing the matrix functions exp( B) and exp(- B) with padé approxi-             l l
mants ensures that odd powers of l B vanish, so that the matrix B need                   
not be determined explicitly.  The computed solution of (5) will  depend                    
for i ts  accuracy in t ime on the padé approximant chosen and a stabil i ty             
ana lys i s  of  the  resu l t ing  a lgor i thm is  car r ied  out  in  the  usua l  way;                       
for a consistent algorithm the (0,1) and (1,0) padé approximants may not                    
be used. 
 
One more occurrence of a second order hyperbolic partial differential 
equation is in the mathematical modelling of arterial blood pressure.  
I t  i s  o f t en  d i f f i cu l t  to  es t imate  va lues  o f  a r t e r i a l  b lood  p ressure                         
in healthy arteries and numerous examples of collaborative research 
between mathematicians and physiologists have become evident in recent 
t imes .   In  the  papers  by  S te t t le r  e t  a l  [12a ,  12b]  for  ins tance ,  a  
(7) 
mathematical  model  is  developed for  the predict ion of  the pressure          
and f low pulses  in  ar ter ies .   The model  considers  branches,             
bifurcations and stenoses and the numerical predictions are compared        
with laboratory findings.  The development of the mathematical model         
by Anliker  et  at  [ la ,  lb]  was undertaken because of  the need for  a  
noninvasive method of determining, in advance, possible changes which        
may occur in the cardiovascular system of astronauts as a result of 
prolonged exposure to weightlessness.  Mathematical models of pressure        
and flow in arterial stenoses are discussed using finite element methods       
in Wille [20] and finite difference methods in Wille and Wall¢e [21]. 
Calculations using characterist ics are carried out by Rumberger and 
Nerem [8]  and are  compared with ear l ier  laboratory resul ts .   An 
his tor ical  perspect ive on the development  of  the mechanics  of  blood 
f low is  given in  the excel lent  review paper  by Skalak et  al  [9]  who 
include a  l is t  of  154 references of  other  review papers ,  texts  and 
theoret ical  and pract ical  research papers .  
 
A simple mathematical model of arterial blood pressure in a cylindrical  
artery of length L, inner radius R and thickness H was discussed by 
Twizell  [17].   Young's modulus for the arterial  wall  is  denoted by E, 
Poisson 's  ra t io  for  the wal l  by σ ,  and the densi ty  of  blood by ρ .      I t      
i s  assumed that  the  ar tery is  suff ic ient ly  remote from the hear t  for  a  
cosinusoidal formulation to be appropriate and that the heart  beats 
steadily at  T contractions per second. 
The arterial  blood pressure u(x,t)  at  a point x units along the length       
of the artery at  t ime t  is  known to satisfy the hyperbolic equation 










∂      (6) 
where c denotes the velocity of propagation of a pressure wave and is 
a function of the elastic and physical properties of the artery and 











Wr i t i n g  c  i n  t h i s  fo r m ma k e s  t h e  mo d e l  c a p a b l e  o f  d e a l i n g  w i t h  c h a n g e s  
i n  t h e  v e l o c i t y  o f  p r o p a g a t i o n  o f  a  p r e s s u r e  w a v e ,  a n d  i n  t h e  a r t e r i a l  
p r e s s u r e  i t s e l f ,  d u e  t o  a  n u m b e r  o f  p h y s i o l o g i c a l  c h a n g e s  b r o u g h t  a b o u t  
b y  a r t e r i o s c l e r o s i s ,  c o a g u l a t i o n  o r  t h r o m b o s i s .    T h e  s e r i o u s  
l i m i t a t i o n s  o f  s u c h  a  s i m p l e  m o d e l  a r e  t h a t  i m p o r t a n t  f e a t u r e s  s u c h  a s  
j u n c t i o n s  o r  c u r v e s  i n  t h e  a r t e r y ,  r e f l e c t e d  p r e s s u r e  w a v e s ,  a n d  
l o c a l i z e d  c h a n g e s  i n  t h e  i n n e r  r a d i u s  o r  t h i c k n e s s  o f  t h e  a r t e r i a l  w a l l  
a r e  not considered. 
The  boundary  condi t ions  which  the  so lu t ion  of  (6)  must  sa t i s fy  a re  g iven  
by  
0t,  Tt)2π cosV(1t)u(0, 2
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where V is   the  pressure at the inlet of the artery. 
It is easy to deduce that 
 









and the method of characteristics may now be used to find the computed 
va lue  of  u  by  f i r s t  d i sc re t iz ing  the  in i t ia l  condi t ions  a t  a  number  of  
p o i n t s  a l o n g  t h e  l e n g t h  o f  t h e  a r t e r y .  T h e  x - c o o r d i n a t e s  o f  t h e  n o d e s  
o f  t h e  c h a r a c t e r i s t i c  me s h  g e n e r a t e d  a r e  f o u n d  t o  b e  a l mos t  c o i n c i d e n t  
w i t h  t h e  x - c o o r d i n a t e s  o f  t h e  i n i t i a l  p o i n t s  s o  t h a t  a r t e r i a l  p r e s s u r e        
a t  any point along the artery can be monitored fairly closely. 
(9) 
4. PARABOLIC EQUATIONS 
Parabol ic  equat ions ar ise  in  the f low of  heat  in  the human body and for  
t he  environmental temperature range normally encountered by the body, 
experimental  data do exist  against  which mathematical  predictions may         
be  compared.  Arguably the most  important  segment  of  the body,  in  so           
f a r  a s  h e a t  f l o w  i s  c o n c e r n e d ,  i s  t h e  t o r s o  ( t h a t  p a r t  o f  t h e  b o d y  n o t  
inc luding  the  head ,  neck  or  l imbs) ,  as  a lmos t  77% of  card iac  output  i s            
to  this  segment  which must  therefore  be maintained at  a  comfortable  
temperature. 
The most sophisticated mathematical models of heat flow in the human       
t o r so  cons ide r  the  to r so  to  cons i s t  o f  four  concen t r i c  c i rcu la r  l ayers        
o f  d i f fe ren t  types  o f  t i s sue ,  namely  core ,  musc le ,  f a t  and  sk in  [6 ,10 ,  
1 1 , 1 9 ]  6 r  a s  e l l i p t i c  c y l i n d r i c a l  l a y e r s  o f  t i s s u e  [ 1 9 ] .  T h e  m a i n  
advantage of  assuming an el l ipt ic  cross-sect ion is  that  the  geometry            
of a cross-section of the normal male human torso is  approximately an 
e l l ipse ;  the  main  d i sadvan tage  i s  tha t  the  a lgebra ic  manipu la t ion     
invo lved  in  the  computa t ion  o f  hea t  f low i s  much  more  d i f f i cu l t .  In  
assuming three space dimensions, the model is able to deal with non-uniform 
longi tudinal  environmental  temperatures;  such models  a lso involve 
inc reased  computa t iona l  d i f f i cu l t i e s  [19] .  
The majori ty  of  models  of  heat  f low in the human torso are  two          
d imensional  and,  because the effect ive thermal  conduct ivi ty  of  the             
core  is  approximately the same as  that  of  the  muscle  and the effect ive 
thermal  conduct ivi ty  of  the fa t  is  approximately the same as  that  of            
the  sk in ,  have  only  two concent r ic  layers  of  t i s sue .  These  layers  a re               
usually referred to as core  and the insulating layer  and their  thicknesses        
are assumbed to be in the approximate ratio 7:1.  
Other  factors  governing the regulat ion of  temperature  within the torso 
inc lude  the  genera t ion  of  hea t  by  metabol ic  reac t ions ;  convec t ion  of           
heat  by f lowing blood;  heat  exchange between large ar ter ies  and veins;          
h e a t  l o s s  d u e  t o  s w e a t i n g  a n d  s h i v e r i n g ;  l o s s  o f  h e a t  a t  t h e  s k i n         
surface due to convection, evaporation and radiation; and environmental  
condi t ions.  Open and closed loop s imulat ions involving these factors              
were  dea l t  wi th  fu l ly  in  the  doc to ra l  thes i s  o f  Smi th  [10] .  Th i s  work  
(10) 
 
incorporated the control system developed by Stolwijk and Hardy [13,14,15] 
which was validated experimentally by Konz et al [5]. 
 
Some of  the  mos t  impor tan t  uses  o f  ma themat ica l  mode l s  o f  hea t  f low in  
t h e  t o r s o  h a v e  b e e n  i n  t h e  a n a l y s i s  o f  p h y s i o l o g i c a l  a n d  b i o e n g i n e e r i n g  
problems assoc ia ted  wi th  the  d ispara te  envi ronments  encountered  in  space  
f l i g h t .  S u c h  r e s e a r c h  h a s  b e e n  c a r r i e d  o u t  e x t e n s i v e l y  a t  t h e  L y n d o n  
B.  Johnson Space  Center  (NASA),  Hous ton ,  Texas  to  a id  in  the  des ign  and  
unders tanding  of  the  phys io logica l  e f fec ts  of  l iqu id-cooled  garments ,            
the study of human thermal stress,  and the study of performance under 
conditions of strenuous exercise in extreme environments (see Kuznetz          
[ 6 ] ) .  T h e  mo d e l l i n g  o f  h e a t  f l o w  i n  t h e  h u ma n  t o r s o  i n  a n  i n d u s t r i a l  
environment  has  been carr ied out  a t  the  Inst i tute  for  Systems Design               
and Optimization, Department of Industrial Engineering, Kansas State 
University by Fan, Hsu, Hwang, Konz et al .  
 
Consider ing a  two-dimensional ,  t ime dependent  model  with  a  c i rcular             
c r o s s - s e c t i o n  o f  r a d i u s  a ,  c o n s i s t i n g  o f  t h e  t w o - s h e l l  c o r e / i n s u l a t i n g  
l a y e r  c o n c e p t ,  t h e  t e m p e r a t u r e  )t,θ,r(uu =  a t  t h e  p o i n t  ( r , θ )  a t  s o m e  





























   ].uT][H)m[( aasCSC −++ &      (7) 
In  (7)  the  subscr ip t  s  =  1 ,2  re fe rs  to  the  core ,  insu la t ing  layer ,   
respect ively;  ρ ,  C,  κ ,  q  denote  densi ty ,  heat  capaci ty ,  thermal    
conduc t iv i ty ,  hea t  genera t ion  ra te ,  r e spec t ive ly ;   r epresen t s              C)Cm( &
the  product  of  mass  f low rate  and specif ic  heat  of  blood enter ing the 
capi l lar ies ;   denote  the coeff ic ients  of  heat  t ransfer  between        asH  , vsH
large arteries and tissue type s per unit volume and between veins                      
and tissue type s per unit volume; and )t(vTvT,)t(aTaT ==  represent          
the  temperatures  of  the blood in  the ar ter ies  and veins ,  respect ively.  
Numerical values for these constants are well documented in the               
l i t e ra ture  and  are  presented  concise ly  in  [10 ,11 ,19] .
(11) 
I t  w a s  n o t e d  e a r l i e r  t h a t  t h e  e f f e c t i v e  t h e r ma l  c o n d u c t i v i t i e s  k 1 ,  k 2          
o f  t h e  c o r e  a n d  i n s u l a t i n g  l a y e r  a n n u l i  a r e  d i f f e r e n t .  T h i s   
d i scon t inu i ty  in  conduc t iv i ty  means  tha t  (7 )  canno t  be  app l ied  to      
p o i n t s  o n  t h e  c o r e / i n s u l a t i n g  l a y e r  i n t e r f a c e .  I n s t e a d  a  b o u n d a r y  
cond i t ion  known as  f lux  equa l i t y  mus t  be  used  to  ca lcu la te  the  









∂−         (8) 
When applying (7)  to  points  a t  the  skin surface account  must  be taken        
of  the heat  exchange between the skin and the environment . This          





∂−        (9) 
where E is  the environmental  temperature  and S is  the heat  loss  due to  
sweating; Q depends on the microenvironment and contains terms       
represent ing heat  loss  due to  convect ion,  evaporat ion,  conduct ion and 
radiat ion at the skin surface. 
T h e  t e mpe r a t u r e  o f  t h e  b l o o d  i n  t h e  a r t e r i e s  a n d  v e i n s  v a r y  w i t h  t i me   
a nd  a r e  governed by heat balances which form a system of ordinary 
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+ ∑∑ &    (11)   
In (10),(11) (WC)a ,  (WC)v  denote, respectively, the product of the          
specific heat and the mass of blood in the arteries and veins;       ,ae)Cm( &
ve)Cm( &  represent the product of specific heat of blood and mass flow 
(12) 
 
r a t e  e n t e r i n g  t h e  a r t e r i e s  a n d  v e i n s ,  r e s p e c t i v e l y ;   i s  t h e  c o e f f i c i e n t  avH
of  heat transfer between large arteries and veins;  denote the veT,aeT
temperature of the blood entering the arteries and veins, respectively;          
and represent,  respectively,  heat loss due to respiration via  the     va q,q






values of  respectively. )t,θ,r(u),t(vT),t(aT
Equat ion (7)  cannot  be appl ied at  the or igin where r  = 0.  The           
temperature  of  the t issue at  the  or igin wil l  however  be required in            
the numerical implementation of (7) to points surrounding the origin           
and its value may be taken to be the arithmetic mean of the surrounding  
points .  
Equat ions (7) , (10) , (11)  are  the different ia l  equat ions of  the model .       
Ini t ia l  condi t ions  must  be specif ied;  these wil l  vary with environmental  
conditions and must be determined for each numerical experiment. The 
boundary conditions are given by (8),  (9).  
 
In seeking a numerical  solution the region occupied by the torso is   
discretized by a number of equally spaced points along a number of           
r ad i i  inc l ined  a t  equa l  ang les  to  each  o ther .  The  equa t ions  o f  the           
model  are  appl ied to  the mesh points  as  appropriate ,  approximating the         
space der ivat ives  in  (7) , (8) , (9)  by f ini te  difference replacements .             




Ud +=         (12) 
where  the  vec tor  U  =  U ( t )  i s  the  vec tor  of  t i s sue  tempera tures  a t  the   
po in ts  of  d i scre t iza t ion  and  b lood  tempera tures ;  the  sparse  mat r ix  A 
depends  on  the  space  d i sc re t i za t ion  and  the  phys io log ica l  cons tan t s ,  and  
the  e lements  o f  the  vec to r  b  depend  on  the  hea t  source  t e rms  in  (7 ) ,  the  
physiological constants and the environmental conditions. 
 
I n  [ 1 0 , 1 1 , 1 9 ] ,  t h e  n o n - l i n e a r  e q u a t i o n  ( 1 2 )  w a s  c o n s i d e r e d  t o  b e  l i n e a r  
i n  a  smal l  t ime  in te rva l  l  and  i t  was  thus  shown tha t  the  so lu t ion  of            








− −+=+ ll (t)      (13) 
(13) 
w h e r e  nbb,nAA == a t  t i m e  nb,nA;nt l=  a r e  u p d a t e d  f o r  e a c h  
1,2,... n = ( c l e a r l y  0,0 bA  r e f l e c t  t h e  i n i t i a l  c o n d i t i o n s ) ,  R e p l a c i n g     
the  exponent ia l  func t ion  in  (13)  by  a  su i tab le  Padé  approximant  y ie lds           
a  n u m e r i c a l  s o l u t i o n .  I n  t h e  i n t e r e s t s  o f  s t a b i l i t y ,  t h e  c h o s e n  P a d é  
approx imant  shou ld  l ead  to  an  impl ic i t  so lu t ion  and  i t  mus t  be  capab le          
o f  cop ing  with the discontinuities between initial conditions and              
boundary condi t ions which ar ise  fol lowing an instantaneous change in  
environmental temperature. In [10,11,19] the low order (1,0) Padé   
approximant was used and the computed results were extrapolated            
fo l lowing  Lawson and  Morr i s  [7] .  
5.   SUMMARY 
A number of case studies have been outlined in the present paper             
which show how mathematicians and medical biophysicists have collaborated         
to give a wider understanding of some problems in applied physiology. 
For each case study, the mathematical model has been seen to lead to           
the  numerical  solut ion of  a  system of  par t ia l  dif ferent ia l  equat ions.                
One feature of the mathematical models has been the complicated             
boundary conditions which have arisen from the physiological aspects           
and geometry of the human body.   The procedure to be followed in computing            
the numerical  solution has been briefly outl ined in each case,  with            
r e fe rence  to  the  research  l i t e ra ture  for  de ta i led  descr ip t ions  of           
a lgor i thms .  
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